A computer program is presented which assists the designer of a circular electron accelerator or storage ring in finding out the limits of beam stability.
Introduction
The program calculates parameters, thresholds and growth rates for various effects known to affect the stability of high-intensity electron beams.
Generally it does not endeavour to find equilibrium conditions after an instability has occurred, and it neglects coupling between the individual effects.
Only single beam stability is treated; beam-beam effects are not considered.
The program is based on currently accepted models of beam stability, most of them confirmed by experiments.
The FORTRAN code and a long write-up can be obtained from the authors.
A numerical example, based on the parameters of the Large Electron-Positron storage ring LEP1 is presented at the end.
Impedance Estimates
Most of the models require a detailed knowledge of the impedance versus frequency. Three types of impedance are considered: i) a typical high-Q resonator is used to assess the disturbance it might present to the beam if one of the beam frequencies happens to fall into its narrow bandwidth; ii) a broad band impedance approximates the effect of a multitude of individual high-Q resonators on single-bunch phenomena; iii) the impedance of the smooth resistive vacuum chamber is expected to have an influence mainly on single-bunch phenomena due to its peculiar frequency dependence (wV½), though it contributes also to multi-turn effects.
Longitudinal impedance
The relevant quantity is the complex impedance ZL divided by the mode number r = w/lo (uo - 
Transverse impedance5
In order to obtain the narrow-band transverse impedance the deflection modes of cavity-like objects have to be computed6. The transverse impedance ZT of a narrow-band resonator has the same form as (1) except that Rs.wo/wr is replaced by RT.
The broad-band impedance can be estimated from the longitudinal one by using the relation7
where b is the effective radius8 of the vacuum envelope around the beam; it is equal to the radius for objects with circular cross-sections.
R is the average radius of the machine.
The relation (2) has to be applied separately to objects with large radius b (cavities) and to items with small b (bellows etc.).
The total
ZT is then the sum of the two contributions.
The relative contribution of the RF cavities to the total transverse impedance will be smaller than to the longitudinal one.
Equation (2) 
Particle Distributions and Modes of Oscillation
Coherent bunch oscillations can be described by two independent types of mode: the bunch-shape modes describing the distortion of the bunch itself and the coupled-bunch modes describing the motion of the different bunches relative to each other.
The longitudinal-shape modes9 consist of the dipole (rigid-bunch) mode (m = 1), the quadrupole mode (m = 2) etc.; in the transverse case, the different head-tail5 modes describe the shape oscillations, labelled by the number of nodes m of the perturbed motion.
The coupled-bunch modes are labelled with n = AO*kb/(2w) where AO is either the momentary synchrotron or betatron phase advance of one bunch relative to the next one, and kb is the number of bunches.
The undisturbed long.distribution is Gaussian with an instantaneous current I(t)
where os is the rms bunch length. The instantaneous perturbed current is made up of the contribution of all modes
m,n
In the limit of vanishing intensity the spectrum consists of lines at frequencies u = C(kkb+ n + mQ) = u (p+mQ) (5) in the longitudinal case'0, and 
though the real modes"l seem to be between sinusoidal and Hermitian modes.
For the computation of coherent frequency shifts the power spectrum hm(w) of these modes is needed5t12.
Its envelope is shown in Fig.lb . For the transverse perturbation (the head-tail modes), the same sinusoidal modes are used with a modification to take into account the effect of finite chromaticity = (dQ/Q)/(dp/p)5. This shifts the mode spectrum by WE= EQoY and hm Cu-w) must be used in the transverse case as indicated in Fig. lb. (yt is the Lorentz factor at transition energy).
4.
Coherent Bunch Instabilities
The impedance produces a complex frequency shift Au of the frequency w defined by (5) and (6 
The where wp is given by (5 
Equations (8) and (10) give the frequency shifts for all coherent bunch instabilities in the limit of lAu| being small compared to the bandwidth of the resonator. It turns out that the sums (9) and (11) converge very slowly for the reactive part.
Fortunately, the sums can be replaced by an analytical expression13 and this is used in the program.
For the impedance of the smooth resistive wall5 no such expression is available and the straightforward summation must be carried out. This is done in the code but only up to the lowest cut-off frequency of the pipe.
In this crude way the diminishing influence of frequencies in the propagating range is taken into account.
For the same reason, the computation is limited to the modes m = 0,1.
Higher modes have a spectrum entirely in the propagating region of the pipe where the coupling to the beam is weak.
The part of the code performing the summing uses formulae given elsewhere12 which are more appropriate than (11) for this purpose.
However, approximations are used by the code which limit the maximum admissible betatron phase-shift between the head and the tail of the bunch to 5 rad.
A rule of thumb for suppressing transverse coupled-bunch modes is that the rms spread in the frequency Q uo, somewhat different for each bunch, should exceed the growth rate Im(Awmn). Since this spread arises from the difference in bunch populations via the Laslett tune-shifts caused by the ac fields only14'15, these tune-shifts are calculated by the program so that the spread in the bunch populations required to achieve the decoupling may be estimated.
Turbulent Bunch-Lengthening
It is assumed that turbulent bunch-lengthening is caused by the same microwave instability as occurs in proton machines16.
Adapting the formulae to electron machines yields for the equilibrium rms, energy spread r El e I E FoE t L )/rl (13) valid for 6E > 6EO where 6EO is the spread for vanishing intensity. The form factor F is about 6 for a Gaussian distribution in energy.
Inserting from (3) for the peak current and eliminating 6E by means of FE =(Q5Ay2)_ (Cs/R) yields for the equilibrium bunch This equation also defines either the threshold current for a given impedance, or the threshold the current is given; in both cases, a, placed by the natural bunch length aso. 
